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The conservation laws are used to obtain phenomenologically the 
complete system of equations of motion of a conductive paramagnetic 
fluid in a magnetic field. In addition to the usual MHD equations (with 
additional terms accounting for the magnetization of the medium), this 
system includes the equation for the rate of change of the magnetic 
moment. 

The hydrodynamic equations for a fluid with internal rotation have been 
obtained in [1] and extended in [2] to the case of the paramagnetic 
properties resulting from this rotation: here the fluid was considered 
nonconducting. The analysis of [2] is extended to the case of a fluid 
with nonzero electrical conductivity. This will be the same extension 
of MHD as the theory of !!1, 2] is for conventional hydrodynamics. 

w The  i n t e n s i t y  of t he  m o t i o n  of t he  m e d i u m  in  
q u e s t i o n  i s  c h a r a c t e r i z e d  at  e a c h  p o i n t  by t he  h y d r o -  
d y n a m i c  v e l o c i t y  v and  by  t he  bu lk  d e n s i t y  K of t he  
i n t e r n a l  m o m e n t  of m o m e n t u m .  T h e  l a t t e r  i s  c o n -  
n e c t e d  w i th  t h e  b u l k  d e n s i t y  M of t h e  m a g n e t i c  m o m e n t  

b y  t h e  r e l a t i o n  

M = ~?K, (1 .1 )  

w h e r e  "/ i s  t h e  g y r o m a g n e t i c  r a t i o .  T he  q u a n t i t i e s  K 
and  M a r e  t he  m a c r o s c o p i c  c h a r a c t e r i s t i c s  of  the  
e l e c t r o n i c  and n u c l e a r  m o t i o n s ,  bo th  o r b i t a l  and  s p i n .  

We s h a l l  m a k e  u s e  of t he  p h e n o m e n o l o g i c a l  s c h e m e  
f o r  t he  d e r i v a t i o n  of t h e  e q u a t i o n s  of m o t i o n  of a c o n -  
t i n u u m ,  p r o p o s e d  by  L a n d a u  and u s e d  in  [3] and [1 ,2 ] .  
We  s t a r t  f r o m  t h e  f o l l o w i n g  e q u a t i o n s .  

The  m a c r o s c o p i c  e q u a t i o n s  e x p r e s s i n g  t h e  c o n -  
s e r v a t i o n  of m a s s ,  e n e r g y ,  m o m e n t u m  ( e q u a t i o n  of 
m o t i o n ) ,  and  m o m e n t  of m o m e n t u m  a r e  a s  fo l l ows :  

Op /Ot + div (or)  = 0 ,  (1.2) 

OE/Ol + divQ ~--- 0, (1.3) 

�9 Ovi \ Oei~ Op 
(1.4) 
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(L ih= eih,Ll, K~h = e,gzKz, L = p(r  X v) ) .  (1.5) 

Here E is the energy bulk density, Q and Gik / are the energy flux 
demity and moment of momentum density, Oik is the stress sensor, and 
p is the pressure. 

The  e q u a t i o n s  f o r  t he  c h a n g e  of t he  i n t e r n a l  r a p -  
m e n t  of m o m e n t u m  and  e n t r o p y  a r e  as  fo l l ows :  

OK~k 0 (1.6) 

pr(Os/Ot + v V s) ---F. (1.7) 

F r o m  t h e  f i e ld  e q u a t i o n s  in  a m o v i n g  c o n d u c t i v e  
m e d i u m  [4] 

OB /Ot = rot (v • B) - -  ~ rot rot H ,  

(~ = d / 4 ~ ) ,  (1.8) 

div B ~ 0 (It  ~-  B - -  4~M). (1.9) 

A s s u m i n g  t h a t  L ik  = p(xiv k - XkVi), a f t e r  s i m p l e  
c a l c u l a t i o n s  [1] we f ind  f r o m  (1 .4 ) - (1 .6 )  t h a t  

] i h  = ok~ - -  ~ i h  - -  O g ~ t  / Oxl 
gihl = Gih, -- vz(Li~ + 

Kih) + xi(~h~- x~ou - -  p ( x i S ~ l -  x~fa) (1.10) 

Here s is the entropy per unit mass, T is the absolute temperature, 
Ilk and F are the noneonvective parts of the variations of the correspond- 
ing quantites (F is a dissipative function), B is the magnetic induction, 
and o is the electrical conductivity of the fluid. 

F r o m  (1.1),  (1.6),  and  (1 . i0 )  f o l l ows  t h e  e q u a t i o n  
f o r  t he  m a g n e t i z a t i o n :  

OM~h 0 ( c~i~ -- ok~ Ogihz \ 
Ot +-~zz (vzM,,,)=--~? + ~ x z  ]" (1.11) 

It r e m a i n s  f o r  u s  to  f ind  on  wha t  q u a n t i t i e s  and  how 

E,  Q, a ik ,  g ik / ,  and  F d e p e n d .  
w The  e n e r g y  E i s  m a d e  up of the  k i n e t i c  e n e r g y  

of t he  m o v i n g  f lu id ,  t he  f i e ld  e n e r g y  in  t he  m e d i u m ,  
and  t h e  i n t e r n a l  e n e r g y  of t he  p a r a m a g n e t i c  s u b s t a n c e :  

E ~ pva BIt  (2.1) 
2 + 8---~ - + E ~  

The  known  t h e r m o d y n a m i c  r e l a t i o n  [4] 

OE It B 
- - - - - - M .  

0B - -  4~  4z~ 

p e r m i t s  w r i t i n g  E in  t h e  f o r m  

E = pv~ -+- B 2  - -  BM + U(p, s, M2). (2.2) 
2 8a 

The  m a g n e t i z a t i o n  of a p a r a m a g n e t i e  s u b s t a n c e  i s  
a l w a y s  s m a l l .  T h e r e f o r e ,  in  the  e x p a n s i o n  of U in  
p o w e r s  of M 2 i t  i s  s u f f i c i e n t  to  r e t a i n  t e r m s  of z e r o  

and  f i r s t  o r d e r :  

M ~ 
U = U0(p, s) + 2• 

C o m p a r i n g  t h i s  e x p r e s s i o n  f o r  E w i t h  (2.1),  we 
f ind  t h a t  

M 
E o =  V o ( p , s ) + ~ x ( M - - x B ) .  (2.3) 

The  e q u i l i b r i u m  c o n d i t i o n  E = m i n  y i e l d s  t he  e q u i -  
l i b r i u m  e x p r e s s i o n  f o r  t he  m a g n e t i z a t i o n  

M = z B ,  (2 .4 )  

w h e r e  n > 0 ( p a r a m a g n e t i s m ) .  F r o m  t h e  t h e r m o d y -  
n a m i c  i d e n t i t y  f o r  t h e  i n t e r n a l  e n e r g y  

dEo = pTds + wdp + 

+ • (M - -  •  - -  MdB + 1/2d(BM), (2.5) 



FLUID DYNAMICS 

and the  de f in i t ion  of en tha lpy ,  w = p- l (E  0 + p), fo l lows  
the  e x p r e s s i o n  fo r  the  d i f f e r e n t i a l  p r e s s u r e :  

dp = --oTds + pdw - -  

- -  • (M - -  •  + M d B  - -  1/2d(BM). ( 2 . 6 )  

w Now let us find the expressions for the quan- 
tities Q, ~ik, gikl, and F. We differentiate (2.1) with 
respect to time, making use of (2.5). In the resulting 
expression we substitute the time derivatives of p, v, 
s, B, andM, taken from (1.2), (1.4), (1.7), (i.8), and 

(i.II), and with the aid of (1.9) and (2.6) we obtain, 
after transformations (see [i, 2]). 

OE v 2 

BH )~ 
+ ~  8~ 4~ H •  

+ ~• (g, M -- • } = 

= F - -  ?~4g ( r ~  (MI--•  

M I (HiBk BH 

r ovi 7 3 X L ~  + ~ -  (M~h - -  ~r j, (3.1) 

where (~v) ~- ~rikVk, (g, M -~B) - gik(Mk -~Bk). 
Comparing (3.1) with (1.3), we conclude that Q is 

determined by the expression following the div symbol 
in the left-hand side of (3.1), and 

F ~ - -  k, ( r o t H )  ~ y 0 (M~--• 

{ = 
+ c r i ~ + - - ( M - - •  

x 

t (ttiB~ BH /~[ 6v, -- --~- ~i~ <3.2) 

F o r  the  f u r t h e r  c a l c u l a t i o n s  it  is  conven i en t  to 
w r i t e  the  s t r e s s  t e n s o r  in the f o r m  of the s u m  of the  
s y m m e t r i c  and a n t i s y m m e t r i c  p a r t s  

(~  ~ S~ + ei~,~A~ (3.3) 

and s y m m e t r i z e  al l  the  t e r m s  in the r i g h t - h a n d  s i d e  
of (3.2). The  cond i t ion  F > 0 (law of i n c r e a s i n g  e n -  
t ropy)  m a k e s  i t  p o s s i b l e  to d e t e r m i n e  the f o r m  of 
A, Sik, g ik ,  and F.  

R e t a i n i n g  in F on ly  the  t e r m s  which a r e  q u a d r a t i c  
in the quan t i t i e s  c h a r a c t e r i z i n g  the dev i a t i on  f r o m  
e q u i l i b r i u m ,  we  h a v e  

- -  2 u  = 

= y ( M ~ B ) - - - - - t  ( M - - •  - a ~  M~(M~B) ,  (3.4) 
M 2 

M S ~  - - - - ( M - - •  + ~--~(B~B~ - B H  
z 7 -  ~"~/- 

-- ~ -  (M,B~, + M~Bi) -'{- nih, (3.5) 

&,, + -ax, - 3 -  37, ~'' + 

/ Ovi Ov~ 20vz  ) &'.'t 

Here rrik is the usual viscous stress tensor, and c~, r, 

w Substituting the expressions for Crik and gik/ = 
= eikmgml into (1.4) and (I.ii), we obtain 

_ _ V [ p q _  M ( M _ _ •  B H ] +  I ( B V ) H +  
7-  +8~-~ 

i r (~;B) ] 
+ ~V=v + ( ;  + %~q)v d~vv + 2Ng, L t + ~•162 j x 

• rot (M - -  •  a•215 (MB) ] 
2V L ~ J '  

aM 
Ot + ( v V ) M =  y ( M •  

L (M-- ~B)--~W M ~(M • 

- - / ~ I  rot r6[ (M - -  zB)  + D2 V div M 

( D 1 ~ 5 1 + 6 3 ,  D 2 ~ 5 2 + ~ / a S t ) .  (4.1) 

Equa t ions  (4.1), ( t .2) ,  (1.8), and (1.9) f o r m  the 
c o m p l e t e  s y s t e m  of equa t ions  of m o t i o n  of  the  m e d i u m  
in ques t i on ;  fo r  x = M = 0 t h e y b e e o m e  the  c o n v e n t i o n a l  
MHD equa t ions  (4). 

The following basic physical effects develop with in- 
teraction of the magnetic and hydrodynamic phenomena. 

1 ~ Currents are indu'ced in a conducting fluid mov- 
ing in an applied magnetic field: 

(a) the field of these currents alters the original 
magnetic field; 

(b) interaction of the currents and the field creates 
an electromagnetic force which alters the eriginal 
motion. 

These two effects are the basis for the various 

phenomena which are studied in conventional MHD, 
where the magnetization of the fluid is not considered. 
Additional effects are associated with taking this rnag- 
netization into account. 

2 ~ . The applied field magnetizes the medium: 
(c) interaction of the magnetic moment with the 

field leads to the appearance of additional pondero- 
motive forces in the equation of motion; 

(d) the magnetic field of the currents induced by 
the motion of the fluid (see (a) above) alters the mag- 
netization; 

(e) the variation of the density of the medium result- 
ing from compressibility is accompanied by a vari- 
ation of the magnetic moment density. 

One remark must be made in conclusion. In deriving the equations 

of motion, the use of (2.1) for the energy density E was essential. The 
hydrodynamic velocity v appears in (2.1) through 1/2pv2, But for a 
fluid with internal rotation v can also appear in E through the expression 
characterizing the relation between the internal and %x':ernal" rotations 
(with the angular velocity ~ = 1/2 rotv). The necessity for the relation 
follows from conservation of the total moment of momentum~ The 
corresponding expression was found in [2] and has the form K~ = M(fl/y). 

In the present study this expression has not been taken into account, 
since it was found in [21that this would only lead to the appearance in 
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certain terms of (4.1) of the "gyromagnetic field" fa/y, summed with 
B, and estimates show that this term is small tn comparison with B for 
all reasonable values of B and a. 
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